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simulations [de Dreuzy and Carrera, 2016; Fernandez-Garcia et al., 2009; Lichtner and Kang, 2007;  49 Roubinet et al., 2013; Willmann et al., 2010] .
50
Several conceptual frameworks have been developed to model anomalous transport [Benson et al., 51 2000; Berkowitz et al., 2006; de Dreuzy and Carrera, 2016; Neuman and Tartakovsky, 2009] .
52
Among them, the mobile-immobile Multi-Rate Mass Transfer models (MRMT) [Carrera et al., 53 1998; Haggerty and Gorelick, 1995] does not only propose efficient characterization and upscaling 54 methodologies [Willmann et al., 2008; Babey et al., 2015; Rapaport et al., 2017] but also a natural 55 bridge to equivalent concentration distributions, which relevance can be assessed to model reac-56 tive transport [Donado et al., 2009; Henri and Fernandez-Garcia, 2015; Sanchez-Vila et al., 2010; 57 Soler- Sagarra et al., 2016] . Synthetic experiments have shown that MRMT models provide close 58 approximations of bulk reactivity even in non-linear equilibrium and kinetically-controlled cases
59
[ Babey et al., 2016] . This has been linked to the empirical observation that MRMT models do 60 not only conserve mass by construction but also the porosity weighted integral of concentrations 61 squared [de Dreuzy et al., 2013] , which is directly linked to mixing-induced reactivity through the 62 scalar dissipation rate [Le Borgne et al., 2010] .
63
While the conservation of the porosity weighted integral of concentrations squared has so far been 64 reported from numerical experiments in a couple of specific cases, we provide here the full demon-
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Relevance of MRMT models to reactive transport stration of its conservation. This property is inherent to the formalism of the mobile/immobile 66 models (including MRMT) providing the model to be minimal. It derives from the conservation of 67 mass in the mobile zone and from the expression of the immobile concentrations as the direct dif-
68
ference between immobile and mobile concentrations. It does not require any additional condition.
69
The demonstration applies to any type of diffusively-dominated porosity structure exchanging with 70 advectively-dominated transport identified with the so-called mobile zones. We shortly discuss the 71 implications on the general relevance of MRMT models to chemical transport. heterogeneous porous media [Li et al., 2011; Tyukhova et al., 2015; Tyukhova and Willmann, 2016] 83 or multi-porosity reservoirs [Geiger et al., 2013] . The SINC model is formalized as:
where C is the column vector made up of the solute concentrations in the mobile and immobile
85
zones:
c 1 (r, t) is the concentration in the mobile zone and c i (r, t) with i = 2 . . . n+1 are the concentrations 87 in the n immobile zones. L is the advective-dispersive transport operator in the mobile zone:
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Relevance of MRMT models to reactive transport where φ 1 , q and D m are the uniform porosity, Darcian flow and diffusion-dispersion tensor in the 89 mobile zone. B is the restriction vector to the mobile zone:
Φ is the porosity matrix of size (n + 1, n + 1) which diagonal coefficients are the porosities of the 91 different zones φ i :
Finally, the matrix M of size (n + 1, n + 1) is the operator describing the diffusive-like exchanges 93 between the different zones. M can be compared to a weighted adjacency matrix [Godsil and Royle, 94 2001] as its coefficients correspond to rates of mass exchanges. Because it expresses a diffusion 95 process, M is a symmetric M-matrix which rows sum to zero. Eq. 1 can be rewritten to highlight 96 the interactions between the concentrations of the different zones:
where A is the interaction matrix that synthesizes porosity and diffusive mass exchange effects:
Except in the specific case of uniform porosity, A is not symmetric.
99
MRMT models with a finite number of immobile zones can be expressed within the SINC framework 100 as the subset of models with only mobile-immobile connections, with the corresponding porosity 101 and mass exchange matrices Φ and M given by:
where α i and φ i are the rates of exchanges and porosities of the MRMT model Haggerty and Gorelick [1995] . 
where c i , φ i and n are respectively the concentrations, porosities and total number of immobile 112 zones for SINC, andc i ,φ i andn are their counterparts for the equivalent MRMT model.
113
When the original SINC model is not minimal, the variance of concentration is not conserved as 
is checked by the algebraic condition that the controllability matrix given by
is full rank. The lack of minimality means that there is some redundancy in the SINC structure in 125 terms of exchange terms (see example in Appendix A1). When the original model is non minimal,
126
it is however possible to reduce the model to an equivalent minimal one ([Chen, 1999] ), which can
Relevance of MRMT models to reactive transport be sought here as a SINC model with less immobile zones (n < n) before applying the algorithm 128 given in [Rapaport et al., 2017] to then obtain an equivalent MRMT model withn immobile zones.
129
After recalling how MRMT models can be built from minimal SINC models, we show that MRMT 130 models inherently preserve the porosity weighted integral of the concentrations squared:
or equivalently in algebraic form:
with C and Φ the concentration vector and diagonal porosity matrix for SINC, andC andΦ their 133 counterparts for the equivalent MRMT model.
134
Assuming the identity of concentration partition (Eqs. 9-10), the equivalent MRMT model to a 135 SINC model writes:
whereĀ andC are the interaction matrix and concentration vector for the equivalent MRMT 141 n + 1, 2 : n + 1), which describes exclusively the exchanges between the immobile zones, into 142Ā S =Ā(2 : n + 1, 2 : n + 1):
where R S is the matrix composed of the eigenvectors of A S . The eigenvalues of A S (diagonal 144 coefficients ofĀ S ) are the rates α i of the equivalent MRMT model (Eq. 8). To be representative
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Relevance of MRMT models to reactive transport of a MRMT model,Ā must have the same shape as A described by Eq. 7:
whereΦ andM are the porosity and mass exchange matrices given by Eq. 8. Rapaport et al.
147
[2017] have shown that this condition is fulfilled only if the pair (A, B) is controllable. The full 148 transformation matrix R then writes:
R verifies the conservation of concentrations in the mobile zone (Eq. 9). By construction, R also 150 ensures that any uniform concentration profile in SINC remains equally uniform in its equivalent
151
MRMT:
From this formulation of the equivalence between SINC and MRMT, we derive the expressions of
153Φ
andM as functions of Φ and M and of the transformation matrix R. To this end, we develop 154 the expression ofĀ in Eq. 15 by introducing the definition of A (Eq. 7):
and introduce the matrices T = RΦ −1/2 and
We note T S and S S the sub-matrices of T and S made up of their last n rows and columns. As
157Ā
S is diagonal, T S diagonalizes the matrix S S :
and, because S S is symmetric, andĀ S has distinct eigenvalues, T S is of the form DU where D is 159 a diagonal matrix and U is a unitary matrix. T S T T S is in turn equal to a positive diagonal matrix
Relevance of MRMT models to reactive transport D 2 . Due to the structure of the matrix R, one has:
Because T T T is positive and diagonal, and because (T −1 ) T ST −1 is symmetric, they can be identified 162 respectively toΦ −1 andM of Eq. 17:
It should be noted that the transformations of porosities and mass exchange rates from SINC to
164
MRMT are identical and directly derive from the change of basis of the concentrations given by 
As this conservation directly results from the construction of MRMT without any additional con- 
176
The same conservation of the porosity-weighted sum of concentrations squared can also be es- and Gorelick, 1995; Carrera et al., 1998 ]. As the former demonstration requires the number of 180 immobile zones to be finite, we provide for an alternative demonstration in Appendix A3. we the flowing/mobile zone.
193
As both the first and second moments of the concentration distribution in the immobile zones are The ANR is acknowledged for its funding through its project Soilµ3D under the no. ANR-15-245 CE01-0006.
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247
In this example, we show how the lack of controllability and minimality precludes the conservation 248 of the concentration variance. We consider four zones with the porosities φ 1 = 1, φ 2 = 1, φ 3 = 2, 
The PDE of Eq. 6 can be written at a given position along the mobile zone as an input-output 253 representation such as:
where C in , C out are respectively the input and output concentrations. Only advection is considered 255 in the mobile zone. In the specific case considered A and B are given by:
At first look, this structure does not exhibit any special property or symmetry that could make 257 believe that the input-output system is non minimal. The pair (A, B) is however non controllable, 258 even though one can check that the sub-matrix A(2 : 4, 2 : 4) has distinct eigenvalues. It can be
259
shown that:
and that the rank of the matrix C defined in Eq. (11) is 2, where it should be full ranked. Therefore,
261
the system admits a minimal representation of dimension only 2. The equivalent immobile zone
Relevance of MRMT models to reactive transport can be found by merging the immobile zones in one with a porosity
and an equivalent concentration
One can check that (C 1 ,C) is solution of the differential system:
that provides an equivalent input-output system. The sum of the concentrations squared weighted 266 by the porosities in the equivalent representation is:
which differs from Σ, because here the original representation is not minimal.
268
Indeed, the matrix R given in Eq. 18 is in this example: 
has null entries. In [Rapaport et al., 2017] , it is proved that for matrices of the form of Eq. (7) 273 the vector R −1 S A(2 : n + 1, 1) has non-null entries exactly when the pair (A, B) is controllable.
274
One may argue that having the pair (A, B) non controllable is a very particular and rare case (as 275 the property of having a singular controllability matrix of Eq. (11) is non generic in the set of 276 matrices A of the form of Eq. (7)), but the distance to uncontrollability (see [Eising, 1984] ) 
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Eq. 26 implies the conservation of the porosity weighted integral of concentrations squared:
where C A and Φ A are respectively the concentration vector and the diagonal porosity matrix 294 associated with A, and C Z and Φ Z are their counterparts for Z. The relationships between these 295 quantities can be further expressed through the transformation matrix R AZ that transforms the 296 SINC model given by A into the SINC model given by Z:
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where c m is the mobile concentration, < c im > is the mean concentration in the immobile domain 302 and β is equal to the ratio of the immobile to mobile total porosities. The solution of the PDE in 303 the immobile domain is given by:
with
and
For the layered (n = 1), cylindrical (n = 2) and spherical (n = 3) cases, the explicit functions 307 and square norm values for Eq. 44 are given in Table 1 , and the values of MRMT rates α i and 308 porositiesφ i are given in Table 1 of [Haggerty and Gorelick, 1995] . By construction, f forms an orthogonal set of functions whatever the dimension of the inclusion.
310
The orthogonality of the function f more generally derives from the theorem of Sturm-Liouville.
311
The Sturm-Liouville theorem states the existence and the orthogonality of the basis function
Relevance of MRMT models to reactive transport for second-order linear differential equations, but does not give their analytical expression. The
313
MRMT model can generally be expressed as: 
Complementary relations derive from the identity of concentrations in the mobile zone:
These equations should be valid whatever the initial conditions and especially for c im (r, t = 0) = 1 318 which corresponds toc im,i (t = 0) = 1 for all immobile zones i, like in Eq. 19 and in the Appendix B
319
of [Haggerty and Gorelick, 1995] . In such a case the MRMT porositiesφ i can be straightforwardly 
The initial MRMT concentrations are given by: 
The sum of the concentrations squared weighted by the porositiesΣ in the equivalent MRMT 
